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Total and partial charge transfer cross sections are calculated in collisions of protons with the nitrogen molecule
at energies between 0.1 and 10 keV. Ab initio potential energy curves and nonadiabatic couplings have been
obtained for a number of N2 bond lengths using a multireference configuration interaction method. The influence
of the anisotropy of the target molecule is investigated. Results are compared with previous experimental and
theoretical data.
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I. INTRODUCTION
Ion-molecule collisions are important events [1] in differ-
ent environments including interstellar clouds [2], planetary
atmospheres [3,4], comets [5], magnetic fusion reactors [6],
and radiation damage of living tissues (see Ref. [7]). One of
the important processes that take place in these events is charge
transfer (CT), which leads to the ionization of the molecules
and the possible production of fast neutrals. In this paper we
concentrate on the study of proton collisions with nitrogen
molecules, events that can occur in the polar regions of the
Earth’s atmosphere [8,9] due to the incoming flux of the solar
wind, in which the typical energies of the protons are of the
order of a few keV [10,11]. Proton collisions with N2 may also
be relevant in the edge of tokamak plasmas if N2 is used as a
scavenger, as suggested in Ref. [12].
The studies of H+ + N2 collisions in the energy region that
goes from 100 eV to 10 keV are certainly not abundant. In
the experimental side, we note the work of Birely [13], who
measured the cross section of the CT process leading to the
formation of N+2 (B 2+u ). Stier and Barnett [14] and Rudd
et al. [15] measured CT total cross sections at energies above
5 keV, while Gao et al. [16] obtained integrated CT cross
sections at 0.5, 1.5, and 5 keV. Luna et al. [17] measured
the branching ratios of the dissociative and nondissociative
channels contributing to CT and Quintana et al. [18] measured
CT differential cross sections at energies between 0.5 and
3.0 keV, at scattering angles below 1◦, showing that the
dominant exit channel is H(1s) + N+2 (X 2+g ), although the
energy-loss spectra displayed a secondary peak attributed in
that work to the formation of H(1s) + N+2 (C 2+u ). On the
theoretical side, we are only aware of the work of Cabrera-
Trujillo et al. [19] at the three energies of Ref. [16]. At 5
keV, Gao et al. data are in good agreement with those of Stier
and Barnett, but are 50% lower than Rudd et al. measure-
ments and 40% higher than the theoretical data of Cabrera-
Trujillo et al..
In this work we have applied a procedure similar to that
employed in Ref. [20] for H+ + CH collisions. The calculation
starts with a high-level ab initio calculation using MOLPRO [21]
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to obtain the potential energy surfaces of the first six electronic
states of the supermolecule (HN2)+, and the corresponding
nonadiabatic couplings between them. Some of these data
are compared with Gianturco et al. [22], who performed an
ab initio calculation of the N2 and N+2 electronic states, and
the (HN2)+ ion, although not in the same geometries that we
employ in this work.
The accurate description of the target vibrorotational mo-
tion is particularly important as the collision energy decreases
and the simple Franck-Condon (FC) approximation, where the
target nuclei are fixed during the collision, becomes inappro-
priate. At not too low energies (above roughly 100 eV [23]), the
sudden vibrational approximation [24], which involves a rela-
tively modest computational effort, can be generally applied.
In this vein, Dhuicq and Sidis [25] studied experimentally the
vibrational excitation of N2 in collisions with H+, including
electronic excitation and the CT mechanism, and concluded
that the electronic transition is a sudden process with respect to
the vibrational motion for collisional energies above 100 eV.
Given the range of collisional energies of interest here, we
apply the semiclassical eikonal approximation [26] and the
vibrational sudden approximation to obtain the state-selected
and CT cross sections using the SEIKON program [27].
In the following section we summarize the well-known
semiclassical formalism and the vibrational sudden approx-
imation employed. Then we give the molecular calculations
details, and show the energies and dynamical couplings
obtained. Cross sections are discussed in Sec. III. Atomic units
are used unless otherwise stated, and the symbols a0 and Eh
are used to refer to the atomic units of length and energy,
respectively.
II. COMPUTATIONAL METHOD
In the following equations we shall call r to the vector of
the electron coordinates referred to the midpoint of the N2
internuclear axis, R is the position vector of the proton with
respect to the same origin, and ρ is the N-N internuclear vector
(see Fig. 1). To describe the ion-molecule collision, we use the
eikonal approximation [26], which is, in general, appropriate at
the impact energies of the present work. In this approximation
the projectile follows straight-line trajectories:
R = b + vt (1)
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FIG. 1. (Color online) Internal nuclear coordinates and displace-
ments used in the description of the (HN2)+ system.
with impact parameter b and velocity v, while the electronic
motion is described by a wave function EIK, solution of the
eikonal equation:
Hint
EIK − i d
EIK
dt
∣∣∣∣
r
= 0. (2)
The internal Hamiltonian has the form
Hint(r,R,ρ) = Tρ + Hel(r,R,ρ), (3)
where Tρ is the kinetic energy operator for the nuclear motion
of the target molecule and Hel is the Born-Oppenheimer
electronic Hamiltonian of the three-center system:
Hel(r,R,ρ) = Tr + V (r,R,ρ). (4)
The eikonal-sudden approximation was explained in detail
in [27]. Within this approach, the eikonal wave function is
expressed as
EIKLM = ρ−1YLM (ρˆ)χ0(ρ)D(r,t)
∑
j
aj (t ; b,v,ρ)
×φj (r; ρ,R) exp
[
−i
∫ t
0
jdt
′
]
, (5)
where χ0 is the ground vibrational wave function of N2 and
D(r,t) is a common translation factor (CTF) with the explicit
form proposed in Ref. [28]. The collision wave function is
expanded in terms of the molecular wave functionsφj (r; ρ,R),
eigenfunctions of Hel for the (HN2)+ system. Substitution
of (5) into (2) leads to the system of differential equations:
i
daj
dt
=
∑
l
[v · Mj l + v2Bjl]al exp
[
−i
∫ t
0
(l − j )dt ′
]
,
(6)
where Mj l are the nonadiabatic couplings, which include
the correction terms due to the introduction of the CTF.
The particular form of the translation factor also yields the
couplings v2Bjl , which are related to quadrupole matrix
elements. The coupling terms Mj l and Bjl as well as the
potential energy surfaces j of Eq. (6) are functions of the
internal nuclear coordinates R, θ , and ρ (see Fig. 1), and must
be evaluated at each point of the projectile trajectory.
The cross sections for population of state f , σf (v,ρ) are
now obtained in eikonal calculations for each value of ρ:
σf (v,ρ) = 2π
∫ ∞
0
bPf (b,v,ρ) db , (7)
where the probability Pf for transition to the final state φf is
calculated from the coefficient af of expansion (5) obtained
by solving (6):
Pf (b,v,ρ) = lim
t→∞ |af (t ; b,v,ρ) − δif |
2. (8)
The orientation-dependent cross section in the sudden approx-
imation is
σ SVf (v,ρˆ) =
∫ ∞
0
σf (v,ρ)χ20 (ρ) dρ , (9)
and the FC one is obtained simply by
σ FCf (v,ρˆ) = σf (v,ρe), (10)
where ρe is the equilibrium distance of the diatomic target
molecule.
The cross sections measured in beam-gas experiments
correspond to the orientation average of those of Eq. (9) or,
simpler, Eq. (10). The orientation average is equivalent to the
sum over all values of the quantum number L of the initial
wave function (5), assuming that all M values are equally
probable [27]. This average can be performed in a similar way
to the usual procedure of infinite order sudden approximation
(IOSA) quantal treatments [29]. Within the semiclassical
approximation, the dynamical calculations are carried out by
assuming that the energies (j ) and couplings (Mj l , Bjl) of
Eq. (6) only depend on the variable R, while θ and ρ are kept
fixed as parameters (see Fig. 1). In this case, the integration
of (6) leads to the coefficients aisoj (t ; ρ,θ,b,v) and, from them,
to the isotropic transition probabilitiesP isof (b,v; ρ,θ ) and cross
sections σ isof (v,ρ,θ ):
σ isof (v,ρ,θ ) = 2π
∫ ∞
0
bP isof (b,v; ρ,θ ) db. (11)
By applying the vibrational sudden approximation of Eq. (9)
and averaging over θ , we obtain
σ¯ SVf (v) =
∫ π/2
0
dθ sin θ
∫ ∞
0
σ isof (v,ρ,θ )χ20 (ρ) dρ, (12)
or the simpler FC orientation averaged cross section from
Eq. (10):
σ¯ FCf (v) =
∫ π/2
0
dθ sin θ σ isof (v,ρe,θ ). (13)
A detailed discussion on this θ averaging for H+ + H2
collisions can be found in Ref. [30], where it was pointed
out that the orientation-averaged cross section σ¯ (v) is very
close to σ isof (v; θ ) for θ in the range from 45◦ to 60◦.
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The coupling matrix elements of Eq. (6) can be expressed
in Cartesian coordinates as
v · Mj l(R; ρ,θ ) = 〈φj | vx ∂
∂X
∣∣∣∣
ρ,θ
− vz ∂
∂Z
∣∣∣∣
ρ,θ
|φl〉
+ CTF correction terms, (14)
where the collision takes place in the XZ plane and ˆZ = ˆR.
A. Molecular calculations
Potential energy curves (PECs), nonadiabatic couplings,
and quadrupole moments have been obtained, at all nuclear
configurations, from multireference configuration interaction
(MRCI) wave functions generated using the program MOLPRO
and working within the Cs point group. In the following we
detail the calculation steps.
We start with a Hartree-Fock self-consistent-field (HF-
SCF) calculation of the (H + N2)+ singlet system to obtain
an initial set of molecular orbitals. The basis set employed
consists of [4s,3p] contracted Gaussian type orbitals (CGTOs)
plus a diffuse “s” [31] for H, designed to accurately reproduce
the n = 1 and n = 2 levels of H, and the [4s,3p,2d] CGTOs
of Widmark et al. [32] for the N atoms.
The next step is the generation of the natural orbitals (NO)
out of a complete-active-space self-consistent-field (CAS-
SCF) calculation by defining a CAS consisting of 11 A′ and
2 A′′ orbitals, with the inner-shell A′ orbitals corresponding to
the 1s of the N atoms closed. NO are obtained by requesting
six electronic states, all with the same weight in the CAS wave
function.
A MRCI calculation using the NO produced in the previous
step is performed to obtain the wave functions and eigenvalues.
We have kept closed the two energetically lowest NO and we
have included 7 A′ and 2 A′′ orbitals in the set of occupied
orbitals. This gives around 5.3 × 105 contracted configurations
(8 × 106 uncontracted ones) to build the MRCI wave functions
corresponding to the first six singlet electronic states.
MRCI wave functions are obtained at slightly displaced
nuclear positions in order to obtain the nonadiabatic couplings
by a finite-difference method. In particular, in the initial
geometry G, as illustrated in Fig. 1, we set the origin of
coordinates in the center of mass of the nitrogen molecule,
with the projectile H in the Z axis at a distance R and the
nitrogen molecule bond at 45◦ from theZ axis in theXZ plane.
The second geometry Gz is obtained by moving the projectile
H along the Z axis to R + δ, while the third geometry Gx
is obtained displacing the projectile of G the amount δ in
the X direction. Numerical stability in the calculation of the
nonadiabatic couplings is obtained for values of δ ≈ 0.001 a0
(see [33]). The nonadiabatic radial and rotational couplings
are obtained by using G − Gz and G − Gx geometries,
respectively.
Finally, quadrupole transition matrices are obtained for the
G geometries using the MRCI wave functions.
B. Energies and couplings
The procedure described in the previous subsection has
been repeated at N-N bond lengths from ρ = 2.0 a0 to ρ = 2.2
a0 in steps of 0.05 a0. The PEC diagrams corresponding
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FIG. 2. (Color online) Potential energy curves obtained at θ =
45◦ for several N-N bond distances as indicated in the panels. The
solid lines correspond to H+ + N2 channels, while dashed lines are
H + N+2 channels (see Table I). The symbols are obtained from the
experimental excitation energies of [34]. The inset shows the energy
differences E2 − E1 and E3 − E1 for ρ = 2.1 a0.
to three bond lengths, and for θ = 45◦, are presented in
Fig. 2. In those panels, the lowest curve correspond to the
entrance channel H+ + N2(X 1+g ), there are three CT chan-
nels (dashed lines), which dissociate into H(1s) + N+2 (X 2+g ),
H(1s) + N+2 (A 2u) and H(1s) + N+2 (B 2+u ) in the limit
R → ∞, and two target excitation channels (solid lines)
H+ + N2(a 1g) and H+ + N2(w 1u). In the region between
R = 2 and 3 a0, the upper curves show some kinks related to
avoided crossings with lower Rydberg states of N+2 . We have
included experimental points (symbols) to mark the vertical
excitation energies, at the N2 equilibrium geometry, from the
inferred PECs on the systems N2 and N+2 constructed by
Gilmore [34]. This asymptotic energy comparison is shown
in Table I, where it can be seen that the computed energy
differences are within 10% of the experimental ones. We also
included in the table the excitation energies from the MRCI
TABLE I. Asymptotic energies (in Hartree) of the first five
singlet electronic states of (HN2)+ relative to its ground state (Egs =
−109.3267 Eh) at ρ = 2.1 a0, and comparison with theoretical [22]
and experimental data [34].
Channel Present work Theor. [22] Expt. [34]
H(1s) + N+2 (X 2+g ) 0.0635 0.0660 0.0698
H(1s) + N+2 (A 2u) 0.1132 0.1133 0.1249
H(1s) + N+2 (B 2+u ) 0.1808 0.1838 0.1837
H+ + N2(a 1g) 0.3432 0.3500 0.3344
H+ + N2(w 1u) 0.3800 0.3707 0.3748
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FIG. 3. (Color online) Same as in Fig. 2, with ρ = 2.1 a0 and θ
values indicated in the panels.
calculation of Gianturco et al. [22], obtained from their Fig. 1
with the tool WebPlotDigitizer [35].
PECs at the N2 equilibrium geometry (ρe = 2.1 a0), corre-
sponding to three values of θ (15◦, 60◦, and 75◦), are presented
in Fig. 3. These sets of curves show that there are strong
orientation effects in the PECs at projectile-target distances
(R) below 3 a0. These differences are bound to produce
strong anisotropy effects in the cross sections dominated by
transitions at low distances, but otherwise small effects are
expected for transitions that take place at R > 4 a0.
In order to obtain the initial vibrational wave function χ0,
required to apply the sudden vibrational approximation, we
have carried out a MRCI calculation for the ground electronic
state of N2, using the same CGTO basis set employed for
the (HN2)+ system. The ensuing PEC is depicted in Fig. 4.
We have obtained the vibrational wave functions and energies
in this PEC using the program LEVEL [36], the probability
densities of the first five states are included in Fig. 4, with
indication on the lowest one of the five ρ values employed in
the calculations.
A selection of the main nonadiabatic radial (∂/∂Z) and
rotational (∂/∂X) couplings, corrected with v-terms transla-
tion factors, is shown in Fig. 5 as functions of R for ρ = 2.1
a0 and θ = 45◦. One of the main features in these curves is
the maximum in the radial coupling between states 1 and 2
that appears at R 	 6 a0, which is responsible for the largest
contribution to the CT process.
In all sets of curves seen in Figs. 2 and 3, we notice that the
entrance channel is below any exit channel, with the energies
of the entrance channel and the CT channels running parallel
as the projectile approaches the target. At R ≈ 6 a0, the radial
coupling between the entrance channel and the first CT one
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FIG. 4. (Color online) Potential energy curve of the electronic
ground state of N2 and the vibrational probability densities |χi |2 of
the first five vibrational states. The bullets are displayed at the five
values of ρ used in the vibrational sudden calculation of the CT cross
sections.
develops a peak that is responsible for the main transitions at
low energies between these states.
III. RESULTS
In Fig. 6 we show the opacity functions bP iso1,j as functions
of b for the population of the three CT channels included
in our calculation at three selected energies for θ = 45◦ and
ρ = ρe = 2.1 a0. At v = 0.5 a.u., the three CT channels
share the flux incoming from the entrance channel, while at
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FIG. 5. (Color online) Radial 〈φi |∂/∂Z|φj 〉 and rotational
〈φi |∂/∂X|φj 〉 couplings corrected with v-terms translation factors
in H+ + N2(X 1+g ) collisions along the projectile-target distance R
and for a geometrical configuration given by ρ = 2.1 a0 and θ = 45◦
(see Fig. 1). The lines are labeled indicating φi-φj pairs of states, with
the state number assigned in increasing energy order (see Table I).
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FIG. 6. (Color online) Opacity functions bP iso1,j (b,v; ρ =
2.1 a0, θ = 45◦) for transitions to the first three CT channels
(solid lines) at three impact velocities (indicated in the panels) in
H+ + N2(X 1+g ) collisions. The dashed lines are the opacities for the
total CT, and the dot-dashed lines are the nonoscillatory component
of the probabilities obtained with the Demkov model [see Eq. (17)].
v = 0.05 and 0.1 a.u. the CT process is clearly dominated by
transitions to H(1s) + N+2 (X 2+g ). In these cases, the transition
probabilities are qualitatively consistent with a Demkov model
[37]. To obtain these curves we have diabatized the lowest two
adiabatic states by integrating along R the radial coupling
between them. This diabatization produces an interaction
matrix element H12, which has been fitted to an exponential
function. For ρ = 2.1 a0 and θ = 45◦ we obtain
H22 − H11 = H = 0.0635, (15)
H12 = Ae−λR = −2.9 e−0.82R. (16)
Following [38], the transition probability is
P = sech2
(
πH
2λvr
)
× oscillatory terms, (17)
where vr is the radial velocity evaluated at the point where the
adiabatic energy difference is equal to
√
2(H22 − H11) (see,
e.g., Ref. [39]).
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FIG. 7. (Color online) State-resolved CT cross sections
σ isof (v, ρ = 2.1 a0, θ = 45◦) in H+ + N2(X 1+g ) collisions. CT chan-
nels are displayed as solid lines, while dashed lines correspond to
excitation channels, as indicated in the figure.
We have included in Fig. 6 the nonoscillatory part of
the Demkov probability of (17). The comparison with the
close-coupling results shows that the two-state mechanism
essentially reproduces the calculation at v  0.1 a.u.; the
differences are due to the rotational coupling. At v = 0.5 a.u.,
transitions to several excited states take place, as shown in
Fig. 6; at this velocity a simple two-state model is not suitable,
and the result of Eq. (17) is not shown.
Cross sections are obtained, according to Eq. (11), by
integrating the functions of Fig. 6. Figure 7 presents the
total state-resolved cross sections for both CT and excitation
process in H+ + N2(X 1+g ) collisions. In the figure the three
vertical lines mark the three impact energies at which bP (b)
functions are displayed in Fig. 6. Figure 7 indicates that
transitions to H(1s) + N+2 (X 2+g ) are dominant up to impact
energies of about 2 keV. Above E = 4 keV, the three CT
channels are competitive, while the excitation channels remain
about 3 times smaller than CT ones.
In Fig. 8 we show the total CT cross sections obtained for
the five fixed values of ρ considered in this work and the total
vibrational sudden CT cross section of Eq. (9). In the same
figure we have included the experimental results of Stier and
Barnett [14], Rudd et al. [15], and Gao et al. [16], and the
theoretical results of Cabrera-Trujillo et al. [19]. We note that
the CT cross sections corresponding to various values of ρ
show very similar shape and magnitude. The cross sections
rapidly fall at low energies due to the relatively large energy
gap (about 1.7 eV) the system has to overcome to populate
the first CT channel. The FC CT cross section of Eq. (10)
shows very little differences with the vibrational sudden one
in the whole energy range studied. This is due to the linear
behavior of the CT cross section as a function of ρ where the
ground vibrational state of N2 present significant probability
density (see Fig. 4). One can also note that the different
CT cross sections converge to the FC result as the energy
increases, as expected. With respect to the comparison with the
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FIG. 8. (Color online) Total CT cross sections as functions of the
impact energy in H+ + N2(X 1+g ) collisions. The lines are the present
results with a fixed θ = 45◦ for different values of ρ, indicated in the
figure, and the vibrational-sudden result of Eq. (9). The solid symbols
are experimental data of Stier and Barnett [14], Rudd et al. [15]
(CT and ionization), and Gao et al. [16], while the empty symbols
correspond to the calculations of Cabrera-Trujillo et al. [19].
experimental data, although the shape of the cross sections is
similar to those of Gao et al., the magnitude is larger by a factor
of 2. However, the magnitude of our cross section atE ≈ 5 keV
coincides with the results of Rudd et al. (with experimental
uncertainty at this energy of 20%). In those experiments, it is
assumed that two-electron processes are negligible, which is
supported by the small (about 5%) transfer ionization cross
section found by Luna et al. [17].
Due to the limited size of our close-coupling basis, we
restrict the reliability of our CT cross sections to energies
below 10 keV, where the ionization cross section is of
the same order of magnitude as the CT one. In H+ + N2
collisions, experimental ionization and CT cross sections are
identical at E ≈ 30 keV, indicating that the populations of
highly excited excitation and electron capture channels are
probably not negligible forE  20 keV. The comparison of the
present results with those of the calculation of Cabrera-Trujillo
et al. [19] shows a large disagreement at E = 5 keV, while
the agreement is better at E = 0.5 keV. This may be a
consequence of the lack of flexibility of the single-determinant
wave function employed in the method of Ref. [19] to describe
transitions to excited states. In this respect, Cabrera-Trujillo
et al. did not compare their results with the experiment of
Rudd et al. [15], and attributed the low values of their total
CT cross section with respect to that of Gao et al. [16] to the
lack of ionization channels in their calculation. In our opinion,
the relatively low value of the experimental ionization cross
section (see Fig. 8) at E ≈ 5 keV permits that a calculation
that includes the relevant CT and excitation channels would
yield reliable CT total cross section.
In Fig 8 we can also appreciate soft oscillations in our CT
cross section as a function of impact energy. These oscillations
are produced by interference effects originated by the avoided
crossings between the PECs of the first and second CT
channels with more excited ones around R = 3 a0, which in
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FIG. 9. (Color online) Same as Fig. 8 but, in this case, ρ = 2.1
a0 and CT cross sections are presented for various values of θ ,
as indicated in the figure, along with the orientation-averaged one
obtained with Eq. (13).
turn lead to a maximum in their energy difference with respect
to the entrance channel, as illustrated in the inset of Fig. 2.
To explore the influence of the projectile-target orientation
in the magnitude and shape of the CT cross sections, we
have performed calculations employing PECs (see Fig. 2)
and dynamical couplings obtained at different values of θ for
ρ = ρe, which yield (11). Figure 9 contains the total CT cross
sections at four values of θ and the orientation-averaged cross
section, from (13). As it can be seen, the general shape of
the cross section does not change significantly with θ . This
relatively small dependence of the CT cross section with θ
is due to the large value of R where the main nonadiabatic
transitions take place. At R ≈ 6 a0, the proton-N2 interaction
is almost isotropic (see Fig. 3). Nevertheless, the disagreement
with the experimental data of Gao et al. remains similar as with
the θ = 45◦ of Fig. 8, and it is expected that an improved
treatment of orientation effects during the collision as in
Ref. [40] will not bring our results in agreement with those
of Ref. [16].
IV. SUMMARY AND CONCLUSIONS
We have performed semiclassical sudden-vibrational
eikonal calculations of state-selected cross sections for CT
and excitation in H+ + N2(X 1+g ) collisions for impact ener-
gies between 0.1 and 10 keV. The potential energy curves
and nonadiabatic couplings have been obtained by means
of multireference configuration interaction calculations. The
dynamical calculation include translation factor corrections.
The electronic wave function is expressed as a linear combi-
nation of states of the supermolecule (HN2)+, which provides
converged CT total cross sections for E < 10 keV.
We have found that the population of CT channels is
dominated by transitions at R ≈ 6 a0, distances at which the
potential energy curves are almost isotropic, which explains
the relatively small influence of the target anisotropy in the CT
cross sections. Furthermore, we have shown that, at low impact
042701-6
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energies (below 1 keV), the CT cross section is qualitatively
well described by a simple two-state Demkov model. The
population of excited CT and excitation states becomes sizable
at energies higher than 1 keV. The total CT cross sections
presented in this work are similar in shape to the experimental
integrated data of Gao et al. [16], but they are about a factor
of 2 higher in magnitude. We have checked that the influence
of the N2 vibration in the CT cross sections is negligible at
the energies considered, and that the target anisotropy, while
having a larger impact on the value of the CT cross section than
the molecule vibration, does not explain the disagreement with
Ref. [16]. However, our calculation shows good agreement
with the experimental results of Rudd et al. [15] at E = 5 keV,
which would suggest an underestimation of the total cross
section in Ref. [16].
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